Abstract. The fixed core stochastic variational method is used to investigate positron binding to a model alkali atom with a continuously adjustable ionization potential. Positron binding is possible for model atoms which have ionization potential (IP) ranging from 0.1767 to 0.479 Hartree (corresponding to dipole polarizabilities ranging from 209 to 23.5 a 3 0 ). Results of the model indicate that positron binding is likely for gold, but not for potassium, rubidium or caesium. The annihilation rate was largest (1.97 × 10 9 s −1 ) when the IP is smallest and smallest (0.07 × 10 9 s −1 ) when the IP is largest. The presence of a positronium (Ps) cluster configuration in the wavefunction is found to be important for an accurate estimate of the annihilation rate even in circumstances when the positron and electron are located large distances apart.
Introduction
Although the experimental evidence is pending, the existence of electronically stable positronatom bound states can now be taken as established. The stability of positronic lithium (Lie + ), positronic beryllium (Bee + ) and positronic helium (He( 3 S e )e + ) have been established in rigorous variational calculations [1] [2] [3] [4] . These predictions were obtained with the variational method using a basis of explicitly correlated Gaussians (ECGs). In addition, convincing evidence of positron binding has been presented for heavier atoms such as Na, Mg, Cu, Zn and Ag [5] [6] [7] [8] [9] . Almost all of these results were obtained with the stochastic variational method (SVM) [3, [10] [11] [12] [13] or a modified version of the SVM which models the behaviour of the valence particles outside a closed shell core. While the predictions of binding for the heavier atoms were not rigorous, they were rigorous with respect to the underlying model Hamiltonians.
There are two mechanisms that are responsible for positron binding. The positron can polarize the atom, and the resulting polarization potential then binds the positron to the atom. Alternatively, in atoms where the ionization potential (IP) is small, one of the valence electrons can become attached to the positron forming a positronium (Ps) cluster. This Ps cluster can be polarized by the positively charged residual ion and the resulting polarization potential helps to bind the Ps-cluster to the atom. This paper investigates the nature of positron binding to one-electron atoms by doing calculations upon a model alkali atom. An adjustable short-range potential was added to the core potential in order to construct a model one-electron atom with a continuously adjustable IP. A series of calculations was then performed to reveal the dependence of the positron binding energy, annihilation rate and other properties of the exotic atoms as a function of the IP and the static dipole polarizability.
Details of the model
Sodium was chosen as the typical representative of the class of one-electron atoms that will bind a positron for a couple of reasons. First, the fixed core stochastic variational method (FCSVM) has already predicted positron binding for this atom [3, 4] . It also has only three core orbitals, therefore the amount of computer time taken in running a series of calculations for different model potentials is small.
All calculations on the model Ae + and A − systems (the symbol A is used generically to represent any alkali or group IB atoms) were conducted with the FCSVM [3] . The FCSVM diagonalizes the Hamiltonian in a basis of ECG functions which are chosen by a process of trial and error. The working Hamiltonian for a system containing a positron and a valence electron was:
In this expression, r p is the positron coordinate, while r e is the electron coordinate. Later in this paper we use r e , r p and r ep to denote the mean e − -nucleus distance, the mean e + -nucleus distance, and the mean e − -e + distance. The direct interaction, V dir , was computed from the Na + 1s, 2s and 2p orbitals which were taken from a HF calculation of the 1s 2 2s 2 2p 6 3s 2 S e ground state. Although it is possible to compute the exchange interaction between the valence and core electrons exactly, a local approximation was used in this work. The potential V exc (r) was taken as
with c 1 = 2.8, c 2 = 8.2, a 1 = 2.5, a 2 = 3.305 785 [4] . The operator λP was constructed by summing over the orbitals occupied by the core electrons with
This acts as a projection operator to the core orbitals provided the positive constant λ is large enough [3] . The coefficient λ was set to 10 5 Hartree for the present FCSVM calculations. Computational reasons dictated that the core orbitals used for the λP projector be taken from a HF calculation of the 2p 6 3s ground state using a Gaussian-type orbital (GTO) basis [14] . The potential V model (r e ) was chosen to be
The linear parameter, d 1 , was adjustable while the exponent b 1 was set to 1.50. The purpose of the adjustable potential, V model (r), was to change the strength of the interaction of the valence electron with the sodium core. For example, a large negative value of d 1 would result in a model alkali atom with a large IP and a small dipole polarizability. This model potential only acts on the valence electron and does not act directly on the positron. Calculations on Hamiltonians derived from equation (1) were performed on three different systems. Calculations for neutral sodium were performed to characterize the properties of the model sodium atom as a function of the derived α d . (The positron terms in equation (1) were omitted from the Hamiltonian.) The wavefunctions for the L = 0 and L = 1 levels were computing by diagonalizing the Hamiltonian with a mixed Slater-Laguerre basis with a dimension exceeding 20. The projection operator λP did not have to be included since orthogonality could be enforced by Schmidt orthogonalization. The resulting binding energies were computed with a precision of about 10 −5 Hartree. The dipole polarizability of the ground state was then determined by computing oscillator strengths for all 3s → np levels and then using the sum rule
In all cases, more than 98% of the contribution to α d came from the resonant 3s-3p transition. A plot showing the behaviour of the dipole polarizability and the mean radius of the valence electron as a function of IP is shown in figure 1 . Calculations for the A − negative ion were performed so that the differences between electron binding and positron binding could be contrasted. The A − wavefunctions and energies were computed using the FCSVM with a basis of 335 ECGs. Rather than doing an independent calculation for each value of d 1 , a large ECG basis was constructed that could give reasonably accurate wavefunctions for a range of d 1 . The A − binding energies obtained from the 335 basis should be accurate to ∼10 −5 Hartree. The wavefunctions and energies for Ae + were also computed using the FCSVM. Two large ECG basis sets were constructed that could give reasonably accurate wavefunctions over a range of d 1 . One basis containing 400 ECGs was used to handle model alkali atoms with IP < 0.30 Hartree. The other basis with a dimension of 280 ECGs was used for model alkali atoms with IP > 0.30 Hartree.
It is worth noting in passing that the topic of positron-atom interactions has a long history of model calculations [15] [16] [17] [18] . However, the present calculation represents a departure from previous tradition in that the model potential acts on the valence electron and not on the positron. These earlier models used semi-empirical potentials to model the interaction between the positron and valence electrons. In the present work, the model potential is only used to construct a model one-electron atom with an adjustable IP. Once this model atom is constructed, the interaction between the positron and valence electron was treated exactly. 
Positron affinity and binding energies
The electron affinity (EA) and positron affinity (PA) are depicted as a function of IP in figure 2. Also shown in this figure are the experimental EAs and IPs [19] for the alkali and group IB atoms. The PA (which is defined as the energy decrease when a positron is added to the system) does not solely determine whether a positron can be bound to an atom. The binding energy, ε, is defined by two conditions, namely
When the IP is less than 0.25 Hartree, the PA must exceed (0.25 − IP) otherwise the model Ae + system will dissociate into A + + Ps. This condition is shown as the dashed line in figure 2. Although the higher-order polarization interactions probably contribute to positron binding [20] , we choose to display our results as a function of dipole polarizability. The dipole, quadrupole and higher-order polarizabilities of these one-electron atoms are all related since the polarizabilities are roughly determined by the radial extent of the valence orbital and the binding energy of the ground state. The results should not be interpreted as meaning that the dipole polarizability is the sole determinant of positron binding. Rather, the dipole polarizability should be taken as a useful indicator of the overall strength of the dipole and higher-order polarization potentials.
The variation of the EA and the PA with the dipole polarizability, α d , of the parent atom is shown in figure 3 . Figures 2 and 3 display roughly the same information since to a first approximation the dipole polarizability is inversely proportional to the square of the IP, i.e. ∝1/(IP) 2 . Theoretical results from previous FCSVM calculations [3-5, 7, 8] are included in figures 2-4. Data points were shown for the two different classes of models that alternatively included or omitted core polarization potential. Despite the fact that the acronyms FCSVM and FCSVM pol were used to distinguish these calculations, we generically refer to both sets of calculations as FCSVM calculations.
It is obvious from figures 2 and 3 that different mechanisms are responsible for electron and positron binding. The PA decreases as the IP increases while the EA increases as the IP increases. Positron binding is largely determined by polarization effects and therefore the PA should increase as the α d increases (IP decreases). The previous FCSVM results show an overall tendency to agree with the PA versus IP and PA versus α d trends, although there are some differences in the fine details.
The EA for the alkali atoms is largely determined by the Coulomb interactions with the core and valence electrons. The IP is just a measure of the strength of the interaction between the valence electron and the core. Since the additional electron can also occupy a 3s orbital, it is perfectly reasonable for the EA to increase as the IP increases. The experimental EAs and IPs for the alkali and group IB atoms track the EA versus IP curve remarkably well indicating that our model alkali atom is realistic.
The critical IP for positron binding was found to be 0.1767 Hartree. Model alkali atoms with IPs less than 0.1767 Hartree were unstable with respect to dissociation into A + + Ps. The FCSVM results for the atoms with small IPs (Li, Na and He 3 S e ) sit almost on top of the PA versus IP curve showing that the IP is the crucial parameter that determines the binding energy. Since potassium, rubidium and caesium all have IP significantly smaller than 0.1767 Hartree it is reasonable to conclude that positron binding is unlikely for these atoms. Indeed, previous FCSVM calculations on the Ke + system had not seen any indication of positron binding [3] . The tendency for the positron binding energy to decrease as the IP decreased from 0.25 Hartree means that positron binding is less likely to occur for atoms with small IPs. Although this result was obtained for one-electron atoms, it obviously has implications for positron binding to the many elements of the periodic table (such as the actinides and lanthanides) with an IP less than 0.25 Hartree. The static dipole polarizability of the parent atom should not be expected to be all that relevant to a system like the He( 3 S e )e + ground state which has a structure best described as a Ps cluster orbiting a charged He + core [6, 8] .
A more useful feature of figure 3 is the minimum value of the polarizability required for binding. Previous FCSVM calculations [3, 8] and the results in the next section suggest that systems with small polarizabilities and large IPs are best described as a positron orbiting a polarized atomic core. Therefore, the atomic polarization potential is largely responsible for binding. Positron binding was achieved when α d was greater than 23.5 a 3 0 . This is a surprisingly small polarizability and suggests that neutral gold with a polarizability of 39 ± 12 a 3 0 [21] will bind a positron.
While it would be tempting to use the PA versus α d curve to claim positron binding to other atoms (e.g. xenon has a polarizability of 27.3 a 3 0 ), any extrapolations to systems with more than one valence electron must be made carefully. For example, the FCSVM results for Mge + lie below the curve indicating a smaller positron binding energy as a function of α d . As the positron begins to penetrate the charge cloud of an atom with two valence electrons, it will start to see an effective nuclear charge of 2 × e, rather than just 1 × e as it would have for an alkali atom. This enhancement of the nuclear repulsion is probably responsible for the smaller PA. Similarly, one could also expect the mean radius of the valence electrons to have an influence on the strength of the positron-atom interaction [15] [16] [17] [18] and therefore have an effect upon the positron affinity.
The variation of the positron binding energy as a function of IP is shown in figure 4 . The most visible feature of figure 3 is the fact that the binding energy is largest when the IP is equal to 0.250 Hartree (the Ps binding energy). There is minimal dynamical information in this result since the maximum is merely a reflection of the fact that ε = PA − (0.25 − IP) when the IP is less than 0.25 Hartree.
Correlation functions and structure
In an earlier work [8] , it had been suggested that the wavefunctions for these positronic atoms can be written schematically as a linear combination of two terms,
The first term, (A)φ(r p ), represents a positron attached to the neutral atom core, while the second term, (A + )ω Ps (R), represents a Ps cluster orbiting a residual positively charged core. Examination of 2γ annihilation rates and electron-positron correlation functions indicated that the first term dominated the wavefunction when IP > 0.25 Hartree, while the second term was more important when IP < 0.250 [8] . The current results are consistent with this concept.
The electron-positron correlation function,
is a measure of probability of finding the electron and positron a certain distance apart. The correlation functions were normalized so that the integral over the correlation function was equal to the number of valence electrons (in this case one), so
Correlation functions for a series of IP values are plotted in figure 5 . As expected, the correlation functions look increasingly similar to the correlation function for an isolated Ps atom as the IP decreases. The correlation function for the parent atom with the smallest IP is not shown in figure 5 since it is almost identical to the Ps correlation function. The 2γ annihilation rate can also be used to deduce the relative strengths of the two configurations in the wavefunction. The contribution to the total (valence plus core) annihilation rate, tot , from the α (A)φ(r p ) configuration is small [8] , therefore tot ≈ 2.0 × 10 9 β 2 s −1 .
The variation of tot versus IP is shown in figure 6 . The present annihilation curve as well as the previous FCSVM results show tot decreasing as the IP increases. An electron with a large atomic IP is most likely to be strongly attracted to the core and is therefore less likely to be found in a Ps cluster [8] .
Further confirmation of these ideas is given in figure 7 where the radial expectation values, r e , r p and r ep , are plotted as a function of IP. Also shown on this diagram is the radial expectation of the 3s orbital for the model alkali parent.
The evolution of the system as the IP changes is remarkable. At large values of IP, the system can be characterized as a weakly bound positron orbiting a polarized atomic core. The electron is found close to the nucleus while the positron is found far from the nucleus. The electron-positron expectation, r ep , is large and approximately equal to r p while the addition of the positron hardly changes the radial expectation of the electron at the larger values of IP. In addition, the mean electron radius, r e , did not change much when the positron was added to the large IP atoms. The ground state wavefunctions for Bee + and Zne + are examples of this kind of structure. The spatial separation of the positron from the electrons also occurs to a lesser extent for Cue + and Age + . When the IP is small, the system can be characterized as a Ps cluster attached to the residual charged core. Both the electron and positron are found close together but a long distance from the nucleus. At the smallest IP value of 0.1767 Hartree, r ep = 3.03 a 0 , only 1% larger than the mean electron-positron distance for the Ps ground state. The ground states of Lie + , Nae + and the metastable He( 3 Se)e + state are examples of this class of configuration. The decrease in r ep as IP decreases is consistent with the trend for tot to increase as the IP of the parent atom is decreased [8] . Figure 8 shows r p and the annihilation rate of the positron with core electrons ( core ) plotted as a function of IP. The positron expectation value has a minimum at IP = 0.255 Hartree. The core annihilation rate reaches a maximum when IP = 0.32 Hartree. It is understandable that a positron localized close to the nucleus generally has a larger core than one that is localized further from the nucleus.
Single active positron model
The annihilation rate decreases and the positron is found increasing far from the nucleus as the IP increases. Under these circumstances it might be expected that the Ps cluster configuration, β (A + )ω Ps (R), is a relatively unimportant component of the wavefunction. The diminishing size of the annihilation rate certainly suggests a decrease in β, however this small component of the wavefunction still has a marked effect upon the annihilation rate.
A simple single active positron model was constructed to demonstrate the importance of the mixing due from the (A + )ω Ps (R) configuration. The Ae + atom was modelled as a single active positron outside the atomic core. The positron potential function was modelled as
The direct potential, V d (r), for a given value of d 1 was computed from the 3s orbital (along with those of the 1s 2 2s 2 2p 6 core) of the model A parent. The polarization potential V pol (r) has the form The polarizability used in equation (12) was the value computed from the f -value sum rule for a particular d 1 . The parameter ρ was adjusted until the binding energy in the single active positron model was the same as the FCSVM binding energy. Model potentials similar to equation (11) have long been used to investigate positron-atom scattering [15] [16] [17] [18] . Since these models were empirically based, it was impossible to use them to make predicitons of positron binding. The existence of reliable theoretical predictions of positron binding energies (such as those in the previous sections) for a variety of atoms might enable semi-empirical methods to be refined sufficiently as to permit realistic investigations of positron binding. A similar tendency for simple model potential calculations to underestimate the annihilation rate was noted previously for Bee + , Mge + and Cue + [7, 22] . Some mechanism for incorporating a Ps-cluster into the wavefunction is necessary for accurate annihilation rates to be obtained.
Discussion and conclusions
Calculations with a model Hamiltonian have been performed to expose the dynamical parameters which control the electronic structure of positron-alkali atom bound states. The size of the IP seems to have a major impact in determining the binding energy for atoms with a small IP (i.e. <0.250 Hartree). The existence of a minimum IP of 0.1767 Hartree for positron binding to the model alkali atom explains why previous searches for a Ke + bound state were unsuccessful and also suggests that rubidium and caesium are unlikely to bind a positron.
The static dipole polarizability is a good indicator of positron binding for one electron atoms with an IP greater than 0.250 Hartree. The minimum α d for binding was found to be 23.5 a 3 0 . This indicates that gold with a polarizability of 39 ± 12 a 2 0 will probably bind a positron.
The annihilation rate is largely determined by the IP. A small IP makes it easier to form a Ps cluster which results in faster annihilation. The electron-positron correlation function was seen to increasingly resemble the Ps correlation function as the IP decreased. Especially notable is the fact that the explicit inclusion of Ps cluster formation is a necessity for accurate prediction of the annihilation rate. This is remains true even when the IP is large and the positron is found a long distance from the valence electron.
While the current calculations have provided insight into the binding of positrons to alkali and group IB atoms, care has to taken when making any extrapolations about positron binding to other atoms. Both the number of valence electrons and the mean radius of the valence electrons will affect the strength of the polarization potential. For instance, one can expect two-electron atoms to have smaller positron binding energies as a function of α d . As the positron begins to penetrate the charge cloud of the valence electrons, it will start to see an effective nuclear charge of 2 × e, rather than just 1 × e as it would have for an alkali atom. The other qualification involves the atomic angular momentum. So far, positron binding has only been demonstrated to atoms with an orbital angular momentum of zero. Centrifugal barrier effects could inhibit Ps cluster formation for atoms with a non-zero angular momentum and thereby make it more difficult to bind a positron and additionally decrease the annihilation rate. The investigation of the dynamics of positron binding to other members of the periodic table is sure to be an interesting exercise.
